We present an accurate and self-consistent technique for computing the electromagnetic field in scattering structures formed by bodies embedded in a stratified background and extending infinitely in one direction ͑two-dimensional geometry͒. With this fully vectorial approach based on the Green's tensor associated with the background, only the embedded scatterers must be discretized, the entire stratified background being accounted for by the Green's tensor. We first derive the formulas for the computation of this dyadic and discuss in detail its physical substance. The utilization of this technique for the solution of scattering problems in complex structures is then illustrated with examples from photonic integrated circuits ͑waveguide grating couplers with varying periodicity͒.
I. INTRODUCTION
The accurate computation of light scattering from particles in the presence of a stratified background is extremely important for the understanding of realistic structures. Ridges on a multilayered waveguide ͓1͔, opaque regions on a contact lithography mask ͓2͔, polarization gratings on a transparent backplane ͓3͔, and nanowires deposited on a substrate for surface-enhanced Raman scattering ͓4͔ all have in common that dielectric or metallic scatterers are distributed in a medium consisting of several layers with different permittivities.
Recently, we presented a technique for computing the propagation and scattering of light in three-dimensional ͑3D͒ structures formed by a stratified background with embedded scatterers of finite extension in all three dimensions ͓5,6͔. This approach is based on the Green's tensor associated with the stratified background. In this paper, we extend this technique to two-dimensional ͑2D͒ geometries, i.e., systems with a translation symmetry in one direction.
A typical 2D system that we want to study is shown in Fig. 1 . Several scatterers described by the permittivity (r) are embedded in a stratified background and illuminated with an incident field E 0 . The stratified background is composed of L layers with relative permittivity l , lϭ1, . . . ,L, and the scatterers extend infinitely along the y axis so that the material system is invariant in that direction. If also the excitation has such a translation symmetry, we can restrict the study of the 3D system ͑Fig. 1͒ to a 2D cross section in the xz plane ͑Fig. 2͒. We then define the coordinate r ʈ parallel to this plane, rϭ͑r ʈ ,r y ͒ϭ͑ r x ,r z ,r y ͒, ͑1͒
and the parallel wave vector k ʈ , kϭ͑k ʈ ,k y ͒ϭ͑ k x ,k z ,k y ͒. ͑2͒
Let us emphasize that it is not necessary that also the incident field E 0 propagates in the xz plane ͑Fig. 1͒. The sole constraint is that E 0 has an exp(ik y 0 y) dependence on the symmetry direction y. For example, a plane wave
at oblique incidence on the structure fulfills this condition ͑Figs. 1 and 2͒. However, if E 0 propagates in the xz plane (k y 0 ϭ0), it is possible to decompose the total field into a transverse electric ͑TE͒ part with the electric field in the xz plane, and a transverse magnetic ͑TM͒ part with the electric field parallel to *Correspondence author. Email address: martin@ifh.ee.ethz.ch FIG. 1. Schematic view of a 2D scattering system. Several scatterers with permittivity (r) are embedded in a stratified background formed by L layers with permittivity l , lϭ1, . . . ,L. The scatterers are infinitely extended in the y direction. However, the propagation of the incident field is not restricted and its wave vector k 0 ϭk ʈ 0 ϩk y 0 can have components parallel and perpendicular to the xz plane. Similarly, the electric field can be split into two contributions: the p-polarized part E p 0 lying within the plane of incidence formed by k 0 and the z axis, and the s-polarized part E s 0 standing perpendicularly to this plane. If k 0 ϭk ʈ 0 (k y 0 ϭ0), p polarization is referred to as TE and s polarization as TM. the y direction. These two polarizations are then decoupled and the scattered field conserves the polarization of the incident field, i.e., the x and z field components are independent of the y component. This is not the case for oblique incidence (k y 0 0): all three field components are coupled together and new components that were not present in the incident field can be created during the scattering process ͓7͔.
For the investigation of such 2D geometries, many useful techniques have already been developed ͓8-21͔. However, most of them strongly depend on the particular geometry under study. The aim of this paper is to present a very general technique for scattering calculations in 2D systems where the scatterers are embedded in a background formed by an arbitrary number of layers. The description of our approach in Sec. II consists of two parts. First, we study the general solution of the scattering problem using the Green's tensor associated with the background of the system. We then derive this Green's tensor and discuss its numerical computation. In Sec. III, we illustrate the technique with two examples and summarize in Sec. IV. All the detailed formulas required for the practical implementation of this method are given in the Appendix.
II. FORMALISM

A. Solution of the 2D scattering problem
To obtain the solution of the 2D scattering problem depicted in Figs. 1 and 2, let us start with the more general solution of the corresponding 3D problem as developed in Refs. ͓5,6͔. We consider nonmagnetic materials with relative permeability ϭ1 and harmonic fields with time dependence exp(Ϫit).
When a system formed by a stratified background with embedded scatterers is illuminated with an incident electric field E 0 (r), the total field E(r) is given by the volume integral equation:
where G 3D (r,rЈ) is the Green's tensor associated with the stratified background, k 0 2 ϭ 2 0 0 is the vacuum wave number, and ⌬(r) is the dielectric contrast:
The integration in Eq. ͑4͒ runs over the scatterer volume V. The Green's tensor G 3D (r,rЈ) is the solution of the vector wave equation with a point source term ͓22͔,
and represents the electric field in the stratified background radiated at r by three orthogonal unit dipoles located at rЈ. In a 2D system, where the scatterer volume extends infinitely in the y direction, the dielectric contrast does not depend on this coordinate. Since we assume, as discussed in the Introduction, that all the fields have a plane-wave dependence in the y direction, the electric field can be written as
Let us note that the wave-vector component k y 0 , which is tangential to the different material interfaces, is constant throughout the entire stratified background. It is therefore solely determined by the illumination field and remains conserved in the scattered field. Hence, Eq. ͑4͒ can be rewritten as
where we introduced
Note that the integration in Eq. ͑8͒ runs only over the scatterers section A. Recalling that G 3D (r,rЈ) corresponds to a point source, G 2D (r ʈ ,r ʈ Ј) gives the field generated by an infinite line source extending in the y direction and represents the 2D Green's tensor associated with the stratified background.
As for 3D systems ͓6͔, the Green's tensor can be split into two parts: vergence of the Green's tensor for r ʈ →r ʈ Ј is completely included in G 2D D , it can be treated in a similar way to that for an infinite homogeneous medium. Taking the principal value as in Eq. ͑7͒ in Ref. ͓7͔, we rewrite Eq. ͑8͒ as
where the infinitesimal area ␦A centered at r ʈ is used to exclude the singularity. The source dyadic L depends on the shape of ␦A and is given in detail by Yaghjian ͓23͔.
B. Discretized 2D equation
The integral equation ͑11͒ is solved numerically on a two dimensional grid with N meshes centered at r ʈ,i layer i with area A i , iϭ1, . . . ,N, and dielectric contrast ⌬ i ϭ⌬(r ʈ,i ). The discretization need not be regular but can vary locally to enhance the required accuracy, with a smaller mesh where the dielectric contrast ⌬(r ʈ ) is large. Introducing the discretized field E i ϭE(r ʈ,i ) and the discretized Green's tensors
with the self-term M i defined as
͑13͒
Since the tensors L and M i come from the direct contribution, we can use their analytic form for a homogeneous polarizable background with permittivity , as given in Ref.
͓7͔. The system of equations ͑12͒ is best solved using an iterative solver such as conjugate gradients ͓24͔.
C. 2D Green's tensor for a stratified medium
Equation ͑9͒ shows that the Green's tensor for the 2D system can be directly obtained from G 3D (r,rЈ) by integration along the translation axis y. Whereas G 3D (r,rЈ) for an infinite homogeneous background can be expressed analytically ͓7͔, this is not possible when the background is stratified. However, a formulation can be found that provides a numerical solution for G 3D (r,rЈ) in that case, as explained in detail in Ref. ͓5͔ . Let us briefly summarize this procedure:
The Green's tensor is expressed in reciprocal space (k space͒, where the boundary conditions at the stratification interfaces can be enforced more easily. Since we need the Green's tensor in direct space, an inverse Fourier transform is performed and, after analytical integration over k z (z is the stratification direction͒, we find the following expression for the Green's tensor associated with a stratified background ͓Eq. ͑10͒ in Ref. ͓5͔͔:
where Rϭ(xϪxЈ,yϪyЈ,zϪzЈ) and k 2 ϭ 2 with r layer . The tensors h s and h p take into account all the reflections and refractions at the different interfaces. They are determined by the boundary conditions for the electric and the magnetic fields and can be split into two parts corresponding to the s-and p-polarized waves, as indicated by the superscript.
Inserting Eq. ͑14͒ in Eq. ͑9͒, the integral over yЈ can be identified with a ␦ function:
Thus, to obtain the 2D Green's tensor, only a onedimensional integral over the transverse component k x must be calculated numerically. The components of the tensors h s and h p can be derived from careful evaluation of Eq. ͑10͒ in Ref. ͓5͔ and are explicitly given in the Appendix.
The numerical evaluation of the remaining integrals ͓Eq. ͑15͔͒ is intricate because it involves several poles and branch cuts corresponding to the different electromagnetic modes that can be excited in the stratified medium. However, the mathematical structure of the equations for the 2D case presented here is similar to that of the 3D case detailed in Ref. ͓5͔ . A difference at first view is that in 2D the integrals run along the entire k x axis while for 3D the integration path is restricted to the semi-infinite positive k axis. However, in 2D the component functions of h s and h p are either even or odd symmetrical with respect to the integration variable k x . It is therefore possible to reduce the quadrature to the semiinfinite positive k x axis. Hence, exactly the same integration technique as proposed in 3D can be applied ͓5͔: We first use an elliptical deformation of the integration path in the fourth quadrant of the complex k x plane to avoid the singularities. As in the 3D case, we then have two possibilities to resume the integration: Either we follow the real k x axis or ͑for x xЈ) we deflect the integration path parallel to the imaginary axis with the correct direction chosen in accordance to the sign of xϪxЈ. In both cases the integrands converge exponentially because of their dependence on exp(ik z ͉z ϪzЈ͉)ϭexp͕i͓k
͉zϪzЈ͉͖→exp(Ϫk x ͉zϪzЈ͉) when k x →ϱ for the real axis integration ͓see Eqs. ͑A1͒-͑A18͔͒, and on exp(ik x ͉xϪxЈ͉) ͓see Eq. ͑15͔͒ for the deflected integration path. Hence, a comparison between ͉zϪzЈ͉ and ͉x ϪxЈ͉ gives the path that provides fastest convergence. Let us finally note the basic difference between the 2D and 3D integrals: In 3D, the angular integration of exponential functions in k space leads to Bessel/Hankel functions in the integrand, whereas in 2D, the bare exponential functions remain.
III. ILLUSTRATIVE EXAMPLES
A. The Green's tensor as a dipole field
To clarify the physical substance of the Green's tensor for stratified media, let us start by illustrating some of its basic properties. We consider a simple three-layer system 1 ϭ1, 2 ϭ9, 3 ϭ1 with varying thickness h of the high permittivity slab, and we study two components of the Green's tensor, G yz and G zy , as a function of the z coordinate of the observation point, r ʈ ϭ(,z). The source point r ʈ Ј ϭ(0,1 m) is held fixed in the top layer. The vacuum illumination wavelength is ϭ633 nm.
Let us first mention that both components vanish if the incident field does not have a component k y 0 in the y direction. ͑In that case, TE and TM waves are decoupled and G yx ϭG xy ϭG yz ϭG zy ϭ0.͒ In our example, we use an illumination with a ͓111 ͔ orientation, so that k y 0 ϭk 1 /ͱ3. Figure  3 shows G yz and G zy when the high permittivity layer extends from zϭ0 to zϭ430 nm. Since the Green's tensor represents the electric field radiated at r by three orthogonal unit dipoles at rЈ, its components must fulfill the respective boundary conditions at the interfaces. Correspondingly, G yz ͑the y component of a z-oriented dipole͒ is continuous across the interfaces, whereas G zy ͑the z component of a y-oriented dipole͒ jumps by a factor 2 / 1 ϭ9 and 3 / 2 ϭ 1 9 , respectively.
It is quite surprising that in the lower layer (zϽ0) both components are identical ͑Fig. 3͒. Using the integrands given in the Appendix and the iterative derivation of the amplitude coefficients of Appendix A in Ref. ͓5͔, it can be shown that for rЈ and r in the two outermost layers 1 and L, the components of the Green's tensor are coupled:
where
, lϭ1,L. Since in our example rЈ is located in the top layer and k 1z ϭk 3z , the components coincide for zϽ0 ͑Fig. 3͒.
Let us now discuss the relation between the Green's tensor for a stratified medium and that associated with a homogeneous background H . When r ʈ Ϫr ʈ Ј becomes large, the plane-wave expansion of the Green's tensor is mainly governed by the plane wave which propagates in radial direction, k ʈ /͉k ʈ ͉ϭ(r ʈ Ϫr ʈ Ј)/͉r ʈ Ϫr ʈ Ј͉. Hence, with x fixed and z →Ϯϱ, the integrals in Eq. ͑15͒ are dominated by the k x ϭ0 terms. In this limit, the ratio between the free-space component and the component with stratification is given by the reflection and transmission coefficients of the stratified structure corresponding to this single plane wave. For a three-layer structure, the transmission coefficient T for G yz and G zy reads ͓25͔
where R l,lϩ1 and T l,lϩ1 are the Fresnel reflection and transmission coefficients:
Note that Eqs. ͑18a͒ and ͑18b͒ give the coefficients for a p -polarized plane wave corresponding to the polarization of G yz and G zy ͓see Eqs. ͑A12͒ and ͑A16͔͒. An analysis of Eq. ͑17͒ yields a condition for maximal transmission through the slab with thickness h:
and for minimal transmission FIG. 3. Green's tensor components for a stratified background (͉G yz ͉ and ͉G zy ͉) and a homogeneous background (͉G H,yz ͉ ϭ͉G H,zy ͉). The stratified structure consists of three layers with 1 ϭ1, 2 ϭ9, 3 ϭ1. The high permittivity slab extends from zϭ0 to zϭ430 nm resulting in maximal transmission (T max ϭ1). The permittivity of the homogeneous medium is H ϭ1. The line source at zЈϭ1 m is located in the top layer and held fixed. The wavelength is ϭ633 nm.
where nϭ1,2,3, . . . . Since for the k y ϭ0 terms k 2z
2 , maximal and minimal transmission through the slab of our example are obtained when h max Ϸn ϫ107.5 nm and h min Ϸ(nϩ1/2)ϫ107.5 nm, respectively. The corresponding coefficient of maximal and minimal transmission is ͉T max ͉ϭ1 and ͉T min ͉Ϸ0.69, respectively ͓Eq. ͑17͔͒. Hence, the plane wave is completely transmitted through a slab with thickness h max without any reflection.
In Fig. 3 " hϭ430 nmϭ4ϫ107.5 nm, maximal transmission ͓see Eq. ͑19a͔͒…, we also report the component G H,yz ϭG H,zy of the Green's tensor associated with a homogeneous background H ϭ1. In the far-field limit z→Ϯϱ, we observe that indeed the components for the stratified structure converge to the free-space solution. At z ϭϮ2 m, the difference is less than 5% and at z ϭϮ10 m it is Ϸ1% ͑not shown͒. For comparison, we also study a second structure with hϭ484 nmϷ(4ϩ1/2) ϫ107.5 nm. Figure 4 shows G yz , G zy , and G H,yz for this geometry with minimal transmission. At zϭϪ2 m, the ratio ͉G yz /G H,yz ͉Ϸ0.75 and at zϭϪ10 m ͉G yz /G H,yz ͉ Ϸ0.70 ͑not shown͒ it is close to 0.69, as expected from the above calculation.
B. Scattering on a planar waveguide grating coupler
We now use our formalism for a scattering calculation in an integrated optics structure. We consider a silicon-oninsulator ͑SOI͒ planar waveguide with a finite rectangular grating on top, as shown in Fig. 5 ͓26,27͔ . If a mode propagates in the waveguide and scatters on the grating, light is coupled out of the guiding layer and is transmitted into the air and/or towards the substrate. In Fig. 6 , we report the electric-field amplitude ͉E͉ when a grating consisting of 20 protrusions is illuminated with the TE 0 mode ͑transverse electric mode with electric field polarized in the y direction͒ propagating in the x direction at a wavelength ϭ1.3 m.
The maximum amplitude of the incident mode is normalized to unity. Three periodicities-dϭ300 nm, dϭ400 nm, and dϭ500 nm-are considered at a fixed filling factor 0.5. At the left side of all three geometries, a standing wave occurs because of the reflection of the incoming mode by the grating. At the right side, beyond the grating, we can observe an interference pattern created by the interaction of the fields scattered in the forward direction by the different protrusions ͑and the waveguide mode͒. The electric-field distributions strongly differ in the three cases. For dϭ300 nm, most of the outcoupled light is scattered towards the substrate and almost no light is scattered upwards ͓Fig. 6͑a͔͒. With increasing periodicity, the main beam of the outcoupled light rotates, so that for dϭ400 nm and dϭ500 nm a larger fraction of the scattered field is transmitted into the air ͓Figs. 6͑b͒ and 6͑c͔͒.
For a more quantitative comparison, we report in Fig Fig. 5 with three grating periodicities: ͑a͒ dϭ300 nm, ͑b͒ dϭ400 nm, and ͑c͒ dϭ500 nm. The bars represent the total length of each grating. The systems are illuminated with a TE 0 mode propagating in the x direction. For clarity, the guiding silicon layer is marked with two lines. A logarithmic color scale is used.
away from the grating (50 m). Note first that the central peak at ϭ180°represents the mode in the guiding layer. Of course, the same peak occurs at ϭ0°and ϭ360°͑not shown͒. Whereas for dϭ300 nm, we can observe a single output beam with an angle ϭ205°͑backward direction in the substrate͒, two beams appear for dϭ400 nm and d ϭ500 nm, respectively: a major one into the air with ϭ100°͑approximately normal to the waveguide surface͒ and ϭ61°͑backward direction in the air͒, respectively, and a minor one towards the substrate with ϭ264°and ϭ293°, respectively.
In the substrate region one observes for all three periodicities two additional, much broader and smaller peaks at Ϸ225°and Ϸ325°. A comparison with the field distributions of Fig. 6 shows that these peaks correspond to edge effects at the beginning and at the end of the grating. At these interfaces between the planar geometry and the grating, the mode scatters strongly. Figure 6 also illustrates that the boundary conditions both at the edges of the computation window and at the different material interfaces are perfectly fulfilled. These boundary conditions are already included in the Green's tensor so that there is no special treatment necessary to avoid unphysical reflections. Let us finally emphasize that the discretization of the geometry is restricted to the protrusions forming the grating. The optical processes in the stratified planar waveguide are completely accounted for in the Green's tensor associated with the background.
IV. SUMMARY
In this paper, we have presented a Green's tensor approach for the computation of scattering problems with 2D bodies embedded in a stratified background. We have first described in detail the numerical procedure required for the computation of the Green's tensor associated with a stratified background. We have then demonstrated the utilization of this dyadic to perform scattering calculations in complex 2D systems. From a practical point of view, in addition to truly two-dimensional geometries, 3D structures can often be considered as 2D when the extension of the scatterers in one particular direction is very large and the electromagnetic field is so well localized that edge effects in that direction become negligible. It is then justified to assume that the system extends to infinity in that particular direction.
